With the aim to reduce the total structural weight, this paper presents a novel radial multilayered elastic metamaterial (EM) shaft in which the scattering layer is circumferentially discretized into several arc-shaped sections with rotational symmetry. The dispersion relations and frequency-response-functions (FRF) of a finite structure are determined numerically first with different discretized geometries. To illustrate the mechanisms of band gaps, the eigenmodes were extracted and analyzed together with dispersion relations and FRF. The results show that in contrast to conventional multi-layered EM shafts, the proposed EM shaft with the weight being reduced by 34% can still yield broadband gaps at low-frequencies and by properly selecting the discretized geometry the band gap ranging from 139 to 197Hz exists for all three elastic wave modes. The results presented in this paper demonstrate a potential design strategy in stabilized shaft engineering.
Introduction
Phononic crystals (PCs) and locally resonant (LR) acoustic/ elastic metamaterials (AMs/EMs) are types of functional structures designed to control acoustic/elastic waves in liquids/solids and have attracted growing interest due to their novel physical properties and wide range of potential applications. They have been explored for numerous engineering applications including elastic waveguides, mechanical filters, and noise isolators [1] [2] [3] [4] . Based on the Bragg scattering mechanism [5] [6] [7] , PCs have a structure period of the same order as that of the wavelength of the stop-band frequencies, such that large lattice constants are needed to reduce structural vibrations at low-frequencies, which significantly limits practical applications that do not have enough rooms [5] . To overcome this limitation, Lui et al proposed AMs/EMs, primarily based on the LR mechanism [8] . The three-dimensional (3D) structure consists of a heavy core with a soft epoxy matrix coating and the wavelength of the band gaps with lattice constants was found to be two orders of magnitude smaller than wavelengths at the Bragg frequency. A number of comprehensive studies on AMs/EMs can be found in the literature [9] [10] [11] [12] [13] [14] [15] [16] .
In mechanical engineering, suppressions of vibrations in rotor shafts is of great importance since strong vibrations can adversely affect the reliable operations of machines and lead to safety issues [17] [18] [19] [20] [21] . Various methods for reducing rotor shaft vibrations have been proposed. Earlier studies mainly focused on the design of PC materials to create a phononic shaft [19, 20] . Richard and Pines [19] proposed a periodic shaft structure to reduce vibrations generated by the gearmesh contact dynamics. Toso [20] suggested a stepped shaft with a periodic profile, which demonstrated effective control of vibrations at certain frequency bands. Although PC shafts are based on the Bragg mechanism, it is difficult to achieve a frequency band gap at frequencies below 1000 Hz.
In recent years, a lot of theoretical and experimental studies have been carried out on one-dimensional (1D) EM structures, such as shafts, beams, and rods with periodically attached LR oscillators, led to the discoveries and manipulations of low-frequency band gaps and thus provided a new strategy for the control of structural vibrations [22] [23] [24] [25] [26] [27] [28] [29] [30] . Yu et al [22, 23] investigated a 1D EM shaft with soft rubber rings periodically-enclosed by lead rings and determined the band gap for elastic waves. Furthermore, Wang et al [24] [25] [26] presented a quasi-1D EM beam with periodically attached oscillators and predicted a low-frequency band gap. However, for those conventional EM structures, low-frequency band gaps have usually been produced by using heavier LR oscillators attached to the structure, which posed a fundamental challenge in designing light-weight structures.
Various other efforts have been made to lower the band gap frequencies of 1D EM/AMs [31] [32] [33] [34] [35] [36] . Huang and Sun [31] investigated band gap structures of a multi-resonator mass-inmass lattice and showed the band gap frequency can be lowered by tuning the spring and mass of the LR oscillators. Xiao et al [33] introduced LR beams attached to multiple period arrays of spring-mass resonators. Meanwhile, Song et al [35] studied various types of periodic shafts using hard rings and LR rings, and were able to lower the flexural band frequencies. Li et al [36] proposed a double-layered lightweight EM shaft and showed that the weight can be reduced by 27% in contrast to the single-layered EM shaft in the same band gap range while the vibration attenuation is kept unchanged. However, in all of these studies, the LR oscillators were conservative and generally consisted of an entirely soft rubber ring covered by an entirely hard ring. Several other studies have investigated the discretization of the rubber layer in the EM structure to reduce the stiffness of the rubber coating and decrease the LR band gap frequencies [37, 38] . Cheng et al [37] replaced the soft rubber layer with rubber blocks in a 2D EM structure and found that the band gap frequencies could be dropped by more than one half. Moreover, Li et al [38] presented an EM shaft with discretized symmetric arc-shaped rubber layers, which demonstrated excellent properties for low-frequency vibrations. Although a low-frequency band gap was achieved, discretization of the rubber section resulted in less support capability and potentially cause serious eccentric problems. This paper presents a novel radial multi-layered EM shaft in which the scattering layer is circumferentially discretized into several arc-shaped sections with rotational symmetry. The major difference between previous studies and the current manuscript is the change of the discretization on the rubber layer to the scattering layer. By making this simple change, we obtain a much more optimal design compared to previous ones, being much lighter and having similar or better vibration suppression performances. For example, compared with the single-layered EM shaft without the discretization [22] , the band gap induced by the current design can be shifted to much lower frequencies, and at the same time reduce the weight of attachments by 52%. Compared with the EM shaft with discretized rubber layers [38] , the shaft with discretized scattering layers have similar vibration performance, whereas the weight can be reduced by around 50%. Moreover, the discretization on the scattering layer actually introduces a new way to modify the stiffness of the rubber layer, which has not been explored before.
In this paper, a new multi-layered EM shaft is proposed with scattering layers discretized into several arc-shaped sections to further decrease the weight of the structure and, at the same time, to induce broader band gaps at much lower frequencies. Both the wave propagation behavior along infinite EM shafts and frequency-response-functions (FRF) of finite EM shafts are characterized based on numerical simulations. This paper is organized as follows: in section 2, we first introduce the design of the novel EM shaft and the numerical approach used in the following analyses; section 3 presents the numerical results of EM shafts with four and six ring layers, including band structures, eigenmodes of the EM shaft at different mode and FRFs with eight unit cells; finally, some conclusions are presented in section 4.
Design and modeling of the multi-layered EM shaft
The EM shaft considered in this study is comprised of a shaft with multi-layered LR ring oscillators periodically attached along the x-direction, as shown in figure 1(a). The number of layers in the radial direction is denoted as N. The cross section of the EM unit cell is illustrated in figure 1(b) . The ring layers along the y-direction consists of soft rubber layers covered by hard scattering layers repeatedly. In the design, the inner hard scattering layers are discretized into several arc-sections preserving the rotational symmetry along the circumferential direction. The radius of the shaft is denoted as r 0 and the outer radius of the nth layer is denoted r n . The arc number of every discretized arc-sections is fixed as 3. α n represents the arc angle of discretized arc-sections in the nth layer. The material of the shaft and discretized scatters are chosen as epoxy in numerical simulations. All the material properties of the EM shaft are listed in table 1. In the calculations, the angles of the arc-scattering sections of different two scattering layers n and n + 2 is θ n(n+ 2) . The radius of the shaft is selected as r 0 = 0.005 m.
Due to the geometric complexity of the presented structure, the finite element method will be applied in the calculations of dispersion relations and FRFs. The governing equations of elastic mediums can be written as
where ρ, u i and c ijkl denote the mass density, the displacement tensor and the elastic constant tensor, respectively, and
represents the coordinate variables of x, y, and z, respectively. The structure proposed is periodic along the x-direction and we only consider wave propagation along the x-direction such that Bloch's theorem is applied on the two boundaries of the unit cell, yielding (2) where k x is the component of the Bloch wave vector along the x-direction and l is the lattice constant. By following a standard FEM procedure, the discretized form of the eigenvalue equation for the unit cell can be written as
where K and M are the stiffness and mass matrices of the unit cell, respectively, and u is the displacement at mesh nodes. By varying the value of k x in the first Brillouin zone and solving the eigenvalue problem, the band structures as well as the eigenmode of the EM shaft can be obtained. For the calculation of the FRF, we consider a finite structure with eight unit cells. In the simulations, forces are applied on the left boundary of the finite shaft, being normal or parallel to the surface to produce longitudinal or shear vibration modes, respectively. A torque is also applied on the left boundary to excite the rotational vibration mode. The right boundary of the finite shaft is always left free, where the corresponding displacements are measured. Finally, by varying the excitation frequency of the incident acceleration, the transmission spectra could be obtained.
Numerical results

The EM shaft with four ring layers
In this section, the EM shaft with four ring layers is investigated, where the inner scattering layer is discretized into three sections To demonstrate the wave band gap mechanisms of different modes, the eigenmodes from dispersion calculations are extracted and shown in figure 3 , which are labeled with letters A-G in figure 2(a) , respectively. The color bar in figure 3 presents the magnitude of the total displacement field.
As shown in figure 3 , for modes A and F, the host shaft experiences shear deformation supporting rotational wave modes propagated through the shaft. At low-frequencies, the attached layers, for this case, behave as a local resonator with torsional vibrations with one degree of freedom. The outer most scattering ring layer and its adjacent rubber layer acts as a lumped mass and the inner discretized scattering ring layer together with the two rubber layers work as a lumped spring with reduced stiffness compared with a whole rubber layer. As a result, an LR band gap of the torsional wave is generated at lower frequencies (152 to 523 Hz), due to the out-of-phase rotational oscillations of the outer most scattering ring layer and its adjacent rubber layer (similar to mode F). Almost the same mechanism can be found in modes B and E for longitudinal waves. Another longitudinal LR band gap is observed at low-frequencies (217 to 328 Hz), due to the out-of-phase longitudinal oscillations of the outer most scattering ring layer and its adjacent rubber layer (similar to mode E). For modes D and G, the outer most scattering ring layer and its adjacent rubber layer oscillate along the y-direction, therefore producing a flexural wave band gap (313 to 534 Hz).
Special attention should be paid on the small gap between 245-248 Hz (modes C1-C3), where the rotational oscillation of the outer most scattering ring layer and its adjacent rubber layer produces an out-of-phase bending moment to induce the gap. When the frequency increases slightly (C 2 ), the rotational oscillation couples with translational motion. The gap therefore disappears. It should also be noted that this gap is extremely narrow, which is difficult to utilize for wave/vibration attenuations in practical designs.
To further validate the results and demonstrate the practical usage of the EM shaft, the FRF of a finite structure composed of eight unit cells is calculated in figure 2(b) with three types of harmonic loadings to generate torsional, flexural and longitudinal vibrations. As can be seen from the figure, the vibration attenuation agree very well with the band gap frequencies shown in figure 2(a) for all three modes. Different material selections of the host shaft will not alert the working mechanism of the design. In particular, the band gap lower edge frequency will remain the same, as the local resonant frequency of the attached layers are not changed. However, the variation in the host material will modify the band gap width. To demonstrate this, figure 4 shows the dispersion relations and FRF of a design with a steel shaft, where other material parameters in the calculations are left unchanged. The density, the shear modulus and Poisson's ratio of the steel are 7780 kg m −3 , 8.1 × 10 10 pa, 0.3, respectively. As expected, the band gap width becomes narrower compared to the case shown in figure 2. As a comparison, the dispersion relations and FRFs of conventional EM shaft with four layers without the discretized scattering layer are studied in figure 5 and the eigenmodes from dispersion calculations are extracted and shown in figure 6. Geometric and material parameters are the same as those used in figure 2 . Again, the vibration attenuation frequency regions have good agreements with the dispersion relations. Different from the proposed EM shaft, the four ring layers at the conventional EM shaft behave as local resonators with two degrees of freedom (scattering layers as lumped masses; rubber layers as lumped springs). As a result, two separate band gaps will be generated at low-frequencies for torsional and longitudinal modes, as shown in figure 5(a) . For example, torsional wave band gaps are from 205-922 Hz and 1391-1496 Hz, and longitudinal wave band gaps are from 373-660 Hz and 1345-1401 Hz. However, the flexural wave band gap behavior is different from that of the torsional and longitudinal gaps. The local resonant band gap caused by the translational oscillation (mode D) is jointed together with the Bragg gap (mode H). In the frequency region from 469-1391 Hz, the structure exhibits a negative effective mass [31, 34] . It is also interested to note that a passing band appears in this band gap region. Modes C 1 -C 3 demonstrate three propagating modes, where the rotational oscillations of the ring resonators are clearly observed. Those out-of-phase rotational oscillations will produce negative effective bending stiffness [16] of the structure. Therefore, within this passing band, both the effective mass and effective bending stiffness are negative, where the phase velocity and group velocity are opposite as shown in figure 5(a) . In addition, band gaps for all three modes can be found in the frequency ranges between 469 and 493 Hz and between 532 and 660 Hz. Compared with the proposed design, the conventional EM shaft has broadband wave attenuations at higher frequencies. It should be mentioned that by introducing the discretization of the scattering ring, the proposed EM shaft not only reduces the weight of the scattering layer by 34%, but also shifts band gaps of all three modes to much lower frequencies, thanks to the decreased stiffness of the combination of the discretized scattering ring with two rubber ring layers.
With the arc number fixed at n = 3, the effects of the arcsection angle, α, on the band gap edge frequencies of proposed EM shaft are investigated and shown in figure 7 . In the calculations, all other parameters are left unchanged. It can be seen from the figure that as the angle α decreases, the band gap edge frequencies decreases for all three modes. This is because by reducing α, the effective stiffness of the discretized scattering ring layer sandwiched between two rubber ring layers is decreased. It should be noted that when α is greater than 15°, a very narrow flexural wave band gap appears below the conventional flexural wave band gap, due to the rotational resonance. The shaded areas in the figure denote the band gap frequency regions for all three modes, in which narrower band gaps occupy lower frequency regions, and broader band gaps occupy higher frequency regions. By changing the section angle, one can manipulate the band gaps for all three modes to different frequency regions.
The EM shaft with six layers
In this section, the EM shaft with six layers is designed and investigated, where the filling ratio and the total weight of the EM shaft are the same as those of the EM shaft with four layers presented above. The geometric parameters are selected as: r 1 We first investigate the case where only the inner-most scattering layer is discretized. The band structure of this EM shaft is shown in figure 8(a) , in which only one complete band gap from 314-335 Hz is found. We then move our attention to the case where only the middle scattering layer discretized. The band structures of this EM shaft is again shown in figure 8(b) . It can be seen from the figure that there does not exist complete band gap for this configuration. Band gaps for the torsional, flexural, and longitudinal wave are found between 184 and 553 Hz, 392 and 671 Hz, and 252 and 358 Hz, respectively, which are all slightly higher than those shown in figure 8(a) , due to the increased effective stiffness in resonators with larger contact areas. Figure 9 (a) shows the band structure of the EM shaft with six layers where the inner two scattering layers are discretized with same section angles and at same positions. For the EM shaft with this geometric configuration, an arrow band gap for all the three modes is found from 290-303 Hz. In addition, the torsional, longitudinal, and flexural band gaps range from 111-340 Hz, 193-303 Hz, and 290-380 Hz, respectively. Compared with the EM shaft with four layers and the two EM structures in figure 8 , all the band gaps here shift to lower frequencies while the total attached ring layers are with the same weight.
In order to obtain lower and broader band gaps for all three modes, another EM shaft with six layers is designed, where inner two scattering layers are discretized with same section angles but at different positions as the angle θ 24 = 45° shown in figure 9(b) . As the band structures also show in figure 9(b) , it is interesting to notice that the lower bounds of all three band gaps are close to 100 Hz. Specifically, the band gaps for the torsional, longitudinal and flexural waves 
Conclusions
In this paper, we numerically investigated the band gap behavior of a novel EM shaft with discretized arc-shaped scattering layers. The dispersion relations and FRFs were calculated based on the finite element method. The eigenmodes of different elastic wave modes are plotted to interpret the band gap formation mechanism. In contrast to the conventional multi-layered EM shaft without discretization, the proposed design can produce broader band gaps at much lower frequencies but with the weight reduced by 34%. With the same filling ratio and total structural weight, increasing the number of ring layers results in increased diversity of the discretized design of the multi-layered EM shaft and better performances. Finally, the EM shaft with six layers is designed and can achieve lower and wider band gap ranging from 139-197 Hz for all three elastic wave modes. The results presented here could have potential applications in some machine design containing rotating shafts.
